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A general scheme of constructing scalar-tensor equivalents to modified gravitational actions are
studied using the algebra of exterior differential forms and the first order formalism that allows an
independent connection and coframe. By introducing appropriate constraints on the connection,
pseudo-Riemannian cases as well as non-Riemannian cases are discussed for various gravitational
models. The issue of the dynamical degree of freedom for the resulting scalar fields is discussed
at the level of the field equations. Explicit scalar-tensor equivalents for gravitational models based
on f(R) models, the quadratic curvature Lagrangians and the models involving the gradients of
the scalar curvature are presented. In particular, explicit scalar-tensor equivalence for gravitational
Lagrangians popular in some cosmological models are constructed.
PACS numbers: 04.20.Fy, 04.50.Kd
I. INTRODUCTION
Einstein’s theory of general relativity is a well tested
theory explaining the gravitational interaction ranging
from weak to strong fields and from solar system scale
to the whole Universe. However, its alternatives are tak-
ing a lot of interest recently. For an extensive survey
of several motivations and various aspects of modified
gravity theories, we refer to the recent reviews [1, 2] and
the references therein. Actually, apart from mathemat-
ical curiosity to understand mathematical and physical
properties of these theories by considering and compar-
ing to the alternative theories, there are several phys-
ical motivations. For example, the quantum effects of
gravity seem to require higher order curvature correction
terms in the theory. In particular, the gravitational mod-
els based on scalars constructed from the terms that are
quadratic in curvature components are motivated in dif-
ferent contexts ranging from low energy limit of string
theories [3], quantum theory of gravity [4, 5], to viable
cosmological models [6]. One of the popular alternative
theories is based on f(R) Lagrangian which replaces the
usual Ricci scalar term R in the Einstein-Hilbert action
with an arbitrary algebraic function of R. The theo-
ries with corresponding Lagrangian involving functions
of other curvature scalars or collections of those scalars,
in Riemannian or more general contexts are also studied
extensively.
An important feature of modified gravitational La-
grangians is the concept of scalar-tensor (ST) equivalence
for these models. For instance, f(R) theory is known
to have equivalent Brans-Dicke-type scalar-tensor theory
with an extra potential term for the scalar field. Actu-
ally, scalar-tensor theories that are equivalent to partic-
ular f(R) models were first introduced long ago [7, 8]
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and since then it is reintroduced, studied and has been
made use of intermittently to this day. ST equivalent of
f(R) models in different approaches has been introduced
both in metric and in Palatini approaches. In particular,
in a first order theory where connection and metric are
treated as independent, in the Brans-Dicke-type theories
[9], the scalar field is known to generate an algebraic tor-
sion [10] and thus it can be cast into pure metric theory
by eliminating torsion [11]. By means of the ST equiv-
alence, these considerations also apply to generic f(R)
models as well. The ST equivalence of f(R) models has
also helped to investigate various aspects of f(R) theo-
ries, such as the chameleon mechanism in f(R) theories
[12], the study of a Birkoff-Jebsen like theorem in generic
f(R) theories [13, 14], and the search for gravitational-
wave solutions of modified gravity models [15].
In higher order metric theories of gravity, the Legendre
transformation was previously introduced in [16, 17] for
Lagrangian densities depending on scalar curvature and
in particular Ricci tensor in a nonlinear way. Later, this
work is extended to study the general quadratic curvature
Lagrangian density of the form
L = (aR2 + bRαβRαβ + cR
αβµνRαβµν) ∗ 1, (1)
where the Legendre transformation with respect to ten-
sorial quantities was introduced in a more general math-
ematical setting [18]. Later, the ST equivalence is ex-
tended to Palatini-type modified gravity theories where
metric and connection are treated as independent grav-
itational variables [19]. More recently, the Legendre
transformation of modified gravity is revisited [20] in the
context of ST equivalents of models based on R + f(G)
[21], to study Gibbons-Hawking surface terms of dynam-
ically equivalent theories.
Meanwhile, the idea of multi-scalar-tensor equiva-
lents were reintroduced in the study of particle con-
tent of particular modified gravitational models based on
f(R,RµνR
µν , RµναβR
µναβ), to show that such modified
theories share the common undesirable feature of spin-
2 ghosts with generic quadratic curvature models [22].
2The present work can be considered as an extension of
the multi-scalar-tensor equivalents, which are presented
at the level of action, to the level of field equations for
the physically relevant case studied in [22] as well as oth-
ers. Thus, one of the motivations for the present work is
to show that the mathematical formulation of the Brans-
Dicke type ST equivalence for generic f(R) theories can
naturally be extended to obtain the ST equivalents for a
wider set of modified Lagrangians based on arbitrary cur-
vature scalars in the general form indicated above. Such
extensions are presented explicitly using, in particular,
the curvature scalars built out of the quadratic curvature
scalars for the sake of the simplicity of the presentation
as well as regarding the application to general theory of
relativity.
The multi-scalar-tensor equivalence for generic mod-
ified Lagrangians is studied extensively in [23] regard-
ing the number of scalar fields involved where the multi-
scalar-tensor equivalents are constructed using the prop-
erties of the Legendre transform with constraints. As will
explicitly be illustrated in the study of ST equivalents for
various gravitational actions below, the dynamical degree
of freedom in an ST equivalent for a gravitational model
based on a function of a collection of several curvature
scalars depends on the form of the function and the to-
tal number of independent scalar fields is related to the
rank of the Hessian matrix of the Legendre transforma-
tion used in the construction of ST equivalents [23]. The
present work, on the other hand, addresses the issue of
the dynamical degree of freedom corresponding to the
scalar fields in the resulting ST-equivalent model. For
a given modified gravitational Lagrangian, the dynami-
cal degree of freedom carried by the scalar fields can be
studied at the level of the corresponding field equations
and the dynamics of the scalar fields is not apparent at
the level of action. For this reason, some explicit models
involving modified quadratic curvature Lagrangians are
presented since such gravitational models have impor-
tant cosmological features. For example, they provide a
framework for inflation [5], or else, in models with nonlin-
ear curvature terms, it is possible to avoid cosmological
singularity [24]. Later, versions of these models are also
studied in order to account for the late-time acceleration
of the Universe as a viable alternative to dark energy
models [25].
The outline of the paper is as follows. In the next
section, the first order constrained formalism is reviewed
using the algebra of the exterior forms relative to an or-
thonormal coframe. The exterior differential form nota-
tion and the geometrical conventions used are adopted
from [26–28]. In the third section, some important fea-
tures of the scalar-tensor equivalence of f(R) theory
are briefly presented in both pseudo-Riemannian and
non-Riemannian context with an independent connection
having a nonvanishing torsion and a nonmetricity. The
ST equivalence is then slightly generalized to a generic
modified Lagrangian depending on an arbitrary contrac-
tion of Riemann tensor and the equivalence is presented
at the level of the field equations and also a criterion
for the resulting scalar field to be dynamical is given
following the study of the Lagrange multiplier term of
the generic modified Lagrangian. In the fourth section,
the ST equivalence of gravitational Lagrangians of the
form f(R,Q, P,K, S) is presented in some generality with
Q,P,K, S being the quadratic curvature scalars defined
below. Subsequently, ST equivalence of various modified
gravitational Lagrangians, such as modified Ricci or Weyl
square gravity, which could have important applications
to cosmology and to the study of black holes are investi-
gated in detail as applications of this equivalence scheme.
Moreover, modified gravitational Lagrangians popular in
cosmology involving inverse powers of quadratic curva-
ture terms are shown to be dynamically equivalent to
simpler quadratic curvature gravity models with non-
minimal scalar couplings. As the last application, the
ST equivalence for modified 6th order gravitational La-
grangians involving the derivatives of the scalar curvature
is presented. The paper concludes with brief comments
on the general features of the ST equivalence. A discus-
sion of the relation between the equations we have dis-
cussed in the orthonormal coframe and their coordinate
frame expressions is presented in the Appendix.
II. FIELD EQUATIONS RELATIVE TO AN
ORTHONORMAL COFRAME
In this section the scheme of calculation of variational
derivatives relative to an orthonormal coframe will briefly
be presented [29, 31–33]. In the subsequent sections,
the general formulas of this section will be applied to all
the modified gravitational actions considered below. Us-
ing the language of differential forms defined on pseudo-
Riemannian manifolds, the basic independent gravita-
tional variables that will be used below are defined in this
section. In terms of the local basis, coframe 1-forms are
denoted by {θα} and the metric tensor takes the form
g = ηαβθ
α ⊗ θβ with ηαβ = diag(− + ++). The ex-
terior product of the basis 1-forms will be abbreviated
as θα ∧ θβ ∧ · · · ≡ θαβ···. The covariant exterior deriva-
tive D acts on tensor-valued forms. The torsion 2-form
Θα = 12T
α
βµθ
βµ can be defined as
Θα = Dθα = dθα + ωαβ ∧ θ
β , (2)
where Tαβµ are the components of the torsion tensor and
ωαβ are the connection 1-forms. Relative to an orthonor-
mal coframe, metric compatibility for the connection 1-
forms reads ωαβ + ωβα = 0. In terms of the curvature
2-forms Ωαβ , the Cartan’s second structure equation has
the form
Ωαβ =
1
2
Rαβµνθ
µν = dωαβ + ω
α
µ ∧ ω
µ
β, (3)
where Rαβµν are the components of the Riemann ten-
sor in the orthonormal frame. The contractions of the
3forms and tensor-valued forms are defined with the help
of the contraction operator ieα ≡ iα where eα is the
basis frame fields that are metric dual to the basis 1-
forms: iαθ
β = δβα. The symbol ∗ corresponds to the
Hodge dual operator that defines an inner product for
two p-forms in terms of the metric tensor. In terms
of the Hodge dual, the oriented volume element reads
∗1 =
√
|g|dx0 ∧ · · · ∧ dx3 = 14! ǫαβµνθ
αβµν in four space-
time dimensions where ǫαβµν is a completely antisymmet-
ric permutation symbol. Ricci 1-forms can be defined as
Rα ≡ iβΩ
βα = Rβαβµθ
µ, whereas the scalar curvature R
can be written as R = iαR
α. All the other geometrical
objects will be introduced as they are required in terms
of the quantities defined here.
The gravitational Lagrangians will be assumed to de-
pend on the set of basic gravitational variables {θα} and
{ωαβ} as well as their exterior derivatives, namely dθ
α
and dωαβ , through the scalars constructed from the con-
tractions of the curvature tensor. In a more general
framework, minimal coupling of matter fields requires
that the matter Lagrangians involve θα and ωαβ but not
dθα and dωαβ [29]. Local Lorentz invariance of the gravi-
tational Lagrangian forbids the explicit dependence of L
on connection 1-forms and that the connection 1-forms
enter into total Lagrangian via tensorial expressions and
covariant exterior derivative. Moreover, in place of dθα
and dωαβ it is convenient to have the two forms Θ
α and
Ωαβ since general gravitational Lagrangians studied here
are mainly based on scalars built on the curvature 2-
forms. In the explicit examples below, the Lagrangians
will turn out to depend on particular nonminimally cou-
pled scalar fields as well. For the sake of simplicity, the
dependence on matter fields will be omitted. In deriv-
ing the metric field equations for gravitational models,
the first order formalism where coframe {θα} and con-
nection 1-forms {ωαβ} are regarded as the gravitational
variables, will be used [28, 29]. In this framework, the
equations for the pseudo-Riemannian metric are derived
from the coframe variation of the Lagrangian subject to
the constraint that the torsion 2-form Θα = Dθα van-
ishes. The metric compatibility of the connection 1-form
ωαβ + ωβα = 0 is an algebraic constraint on the inde-
pendent connection and it can simply be implemented
into the total variational derivative by antisymmetriza-
tion of the coefficients of δωαβ. However, the torsion-
free constraint, namely Θα = 0, is a dynamical con-
straint and can be imposed by extending the original
Lagrangian density to include a Lagrange multiplier 2-
form term LLM = λα ∧Θ
α as
Le[θ
α,Ωαβ ,Θ
α, λα] = L[θ
α,Ωαβ] + λα ∧Θ
α. (4)
In the study of modified gravitational field equations rel-
ative to an orthonormal coframe, the use of derivatives
of Lagrangian 4-forms with respect to p-form fields are
very convenient for the manipulation of the variational
derivatives. Although it will not be made use of in the
discussions below, it is possible to relate the derivatives
of the volume form with respect to a p-form to partial
derivatives of appropriate scalars with respect to compo-
nents of p-forms, we refer the reader to [29]. By using
the variational derivatives of the curvature and torsion
2-forms
δΘα = Dδθα + δωαβ ∧ θ
β , δΩαβ = Dδω
α
β , (5)
the total variational derivative of extended Lagrangian
density Le with respect to the independent variables can
be found to have the form
δLe = δθ
α ∧
(
∂Le
∂θα
+D
∂Le
∂Θα
)
+ δωαβ ∧
[
D
∂Le
∂Ωαβ
−
1
2
(
θα ∧
∂Le
∂Θβ
− θβ ∧
∂Le
∂Θα
)]
+ δλα ∧
∂Le
∂λα
+ d
(
δθα ∧
∂Le
∂Θβ
+ δωαβ ∧
∂Le
∂Ωαβ
)
.
(6)
The definition of the derivative of the Lagrangian volume
4-form with respect to a p-form has been used with the
usual partial derivative symbol as is customarily done
[29, 34] in the literature. For the explicit expression for
Le in (4), after evaluating some of the derivatives, the
general expression (6) then takes the form
δLe = δθ
α ∧ ∗Eα
+ δωαβ ∧
[
Παβ − 12
(
θα ∧ λβ − θβ ∧ λα
)]
+ δλα ∧Θα + d
(
δθα ∧ λ
α + δωαβ ∧ ∗X
αβ
)
, (7)
where the following auxiliary tensor-valued forms are de-
fined in terms of the derivatives that come out in the
variational derivative with respect to gravitational vari-
ables
Παβ ≡ D ∗Xαβ ≡ D
∂L
∂Ωαβ
. (8)
Assuming that the variations of the variables vanish on
the boundary, the field equations for the connection 1-
form then yields the algebraic relation
Παβ = 12
(
θα ∧ λβ − θβ ∧ λα
)
. (9)
The connection equations can be solved for the Lagrange
multiplier form λα. The Lagrange multiplier (n−2)-form
λα is a vector-valued 2-form while Παβ is tensor-valued 3-
form in four dimensions and they have an equal number
of components [28]. The equivalence can uniquely be
expressed by inverting (9) to write λα in terms of Π
αβ as
λβ = 2iαΠ
αβ − 12θ
β ∧ iµiνΠ
µν . (10)
This formula can be obtained by calculating contractions
of Eq. (9). The right-hand side is to be calculated sub-
ject to the vanishing torsion constraint Θα = 0, which
results from the variational derivative of the extended
Lagrangian with respect to the Lagrange multiplier 2-
forms. As will be apparent with the explicit calculations
4in the subsequent sections, the auxiliary tensor-valued
forms Xαβ and Παβ are also quietly suitable in the con-
struction of a scalar-tensor equivalent Lagrangian for a
given modified gravitational Lagrangian as well.
Finally, returning to the coframe equations, in the
general case, the metric equations are derived from the
coframe variational derivative in the form
δLe
δθα
≡ ∗Eα =
∂L
∂θα
+Dλα = 0. (11)
The Lagrange multipliers λα, which are to be calculated
by using (10) for the vanishing torsion constraint, also
contribute to the metric equations. The 1-form Eα =
Eαβθ
β in the context of the discussion below, can be
regarded as a generalization of the Einstein 1-form Gα =
Gαβθ
β . The tensor Eαβ is symmetric in its indices as a
result of the local Lorentz invariance, that is, θβ ∧∗Eα−
θα ∧ ∗Eβ = 0, and it is covariantly constant as a result
of the general coordinate invariance of the Lagrangian,
i. e., D ∗ Eα = 0 as in the case of the Einstein-Hilbert
action.
The first order formalism naturally allows one to con-
sider the connection as an independent gravitational vari-
able, as in the so-called Palatini approach, by dropping
the constraint on the connection, i.e., by setting λα = 0.
As a consequence, both the Palatini and the metric vari-
ational procedures yield the same metric equations only
in the case λα = 0 [35]. The prime example of this ex-
ceptional case is the well-known Einstein-Hilbert action.
The discussion of the explicit examples below will involve
the pseudo-Riemannian case by constraining the connec-
tion to be Levi-Civita. The field equations derived from
the Palatini variational method will also be considered
for f(R) and for some curvature-squared gravitational
Lagrangian forms in connection with the construction of
ST equivalence.
III. ST EQUIVALENTS FOR f(R) THEORIES
In this section, in a streamlined fashion, the well-
known equivalence between f(R) theories and ST the-
ories is presented in the Riemannian case as well as
the non-Riemannian geometries with either torsion or
nonmetricity of f(R) models relative to an orthonormal
coframe with appropriate constraints. These f(R) mod-
els and their ST equivalence have recently been studied
in [30]. The use of constrained first order formalism fa-
cilitates the study of all these subtheories in a unified
manner and ST equivalents can be introduced in a uni-
fied manner as well.
An additional advantage of the presentation in this
framework, as indicated also in [23], is that it allows
one to further generalize such an equivalence for modified
gravitational actions involving more general curvature in-
variants at the level of the field equations. In the sub-
sequent section, the results will be generalized to mod-
ified gravitational actions based on quadratic curvature
scalars. The modified gravitational models will be con-
sidered without introducing any matter field coupling.
A. f(R) model in the Riemannian context
It is well known that the field equations that follow
from the modified gravitational action
L = f(R) ∗ 1 (12)
can be cast into equivalent Brans-Dicke-type scalar-
tensor theory with a potential term. This is usually
achieved by rewriting (12) as
L = [f(χ) + f ′(χ)(χ−R)] ∗ 1 (13)
using an auxiliary field χ where the prime denotes dif-
ferentiation with respect to χ. Under the condition
f ′′(χ) 6= 0, the field redefinition f(χ) then immediately
yields the scalar-tensor equivalent for (12) see, e.g., [1, 2].
However, in defining scalar-tensor equivalents below,
a slightly different approach will be adopted by making
use of the explicit expressions for the variational deriva-
tives relative to an orthonormal coframe. Thus, in order
to derive the ST equivalent to the Lagrangian (12), it
is convenient to begin with the variational derivative of
the Lagrangian density (12) without considering the con-
straint term. Later, in deriving the corresponding field
equations, the Lagrangian will be extended by the con-
straint term LLM = λα ∧ Θ
α. Explicitly, in the first
order formalism, the variational derivative of (12) can be
written in the form [31]
δL = (δf) ∗ 1+ fδ ∗ 1 = f ′δ(R ∗ 1)+ (f −Rf ′)δ ∗ 1 (14)
without the need for further evaluation of the variations
δ(R ∗ 1) and δ ∗ 1.
First, an important observation that later will be made
essential use of is that the expression (14) for the varia-
tional derivative, in fact, holds for any scalar built out of
other curvature scalars in the place of the simplest scalar
R. Thus, (14) turns out to have enough generality that
allows the extension of ST equivalence above.
Second, the coefficient of the variational derivative in
the first term indicates that the function f ′ ≡ dfdR acts like
a nonminimally coupled scalar field similar to the Brans-
Dicke scalar field. The convenient field redefinitions that
allow one to cast the theory into a ST-type theory can
in fact be found, without carrying out the variational
derivatives further. The expression of the second term
on the right-hand side of (14) is particularly useful in
this regard.
On the other hand, consider the following action
LST [φ, θ
α,Ωαβ] = φR ∗ 1− V (φ) ∗ 1, (15)
with a typical scalar field nonminimally coupled to grav-
ity and having a potential term, which is to be made
5precise below, with no accompanying kinetic term in con-
trast to the standard Brans-Dicke type ST Lagrangian.
Note at this point that, although the scalar field has no
kinetic term, as will also be shown below, the metric field
equations render φ a dynamical field as a consequence of
the nonminimal coupling. The total variational deriva-
tive of (15) can easily be calculated to be
δLST = φδ(R ∗ 1)−V (φ)δ ∗ 1+ δφ
(
R−
dV
dφ
)
∗ 1. (16)
The first term on the right-hand side of (16) contributes
to the coframe as well as to the connection equations
whereas the second term contributes to the coframe equa-
tions. Moreover, at this stage in deriving an ST equiv-
alent Lagrangian, the explicit form of these variational
derivatives is not needed. Finally, the last term on the
right-hand side of the variational derivative (16) yields
the scalar field equation as
R =
dV
dφ
. (17)
This constraint is identically satisfied if the potential
V (φ) is chosen to be the Legendre transform of f(R),
that is,
V (φ) ≡ φR − f(R), (18)
where it is assumed that f ′′ 6= 0 and thus the defini-
tion dfdR = f
′(R) ≡ φ is invertible so that one at least
locally has R = R(φ). Therefore, the potential V (φ) de-
termined by the explicit form of the function f(R) and
the identification f ′ ≡ φ brings the modified action (12)
to its ST equivalent given in (15). Consequently, it is
possible to formulate the field equations using either φ
or f ′. Thus, the construction of the dynamical equiva-
lent model amounts to employing Legendre transform of
f(R) with the scalar field f ′ = φ. The ST equivalence
leads to second order equations in the metric. In addi-
tion, it introduces a nonminimally coupled scalar field
which satisfies some second order equations.
Subsequently, one includes the constraint that the tor-
sion vanishes by a Lagrange multiplier term LLM =
λα ∧Θ
α giving the extended Lagrangian density
Le[f
′, θα,Ωαβ ,Θ
α, λα] ≡ L[f
′, θα,Ωαβ ] + LLM . (19)
and the metric equations then follow from the variational
derivative of the extended Lagrangian with respect to
coframe 1-forms. The total variational derivative is
δLe = δθα ∧ (f
′Ωµν ∧ ∗θ
αµν +Dλα)
+ δωαβ ∧
[
D ∗ f ′θαβ − 12 (θ
α ∧ λβ − θβ ∧ λα)
]
+ δλα ∧Θ
α + d
(
δθα ∧ λ
α + δωαβ ∧ ∗X
αβ
)
. (20)
In the present case, the explicit form of the auxiliary
forms are Xαβ = f ′θαβ and Παβ = D ∗Xαβ which are to
be calculated subject to the vanishing torsion constraint.
Subsequently, the resulting expression is used to express
λα in terms of the gravitational variables with the help
of (10). The metric field equations 12 ∗E
α = 0 that follow
from coframe variation then take the form
− f ′ ∗Gα + 12 (f −Rf
′) ∗ θα +D ∗ (df ′ ∧ θα) = 0. (21)
Equivalently, in terms of the Legendre transform of f(R),
the field equations can be rewritten in terms of the scalar
field f ′ ≡ φ as
− φ ∗Gα +D ∗ (dφ ∧ θα)− 12V (φ) ∗ θ
α = 0. (22)
Although the field equations (22) have resemblance with
the Brans-Dicke (BD) field equations (cf., for example,
the form of the Brans-Dicke equations given in [36]) they
do not involve the Brans-Dicke parameter ω as in the
original BD Lagrangian. Such a theory (without the po-
tential term for the scalar field) was introduced in con-
nection with gravity theory with a Yukawa-type term in
the Newtonian limit [37]. On the other hand, on the ba-
sis of ST equivalents of such theories, the value of the BD
parameter ω = 0 implies that such theories are ruled out
by solar system tests [38].
The dynamical equations for the scalar field can be
found by tracing the metric equations and one obtains
the equation
∆φ+ U(φ) = 0, (23)
where
U(φ) ≡
1
(n− 1)
[
φ
dV
dφ
− (n− 2)V (φ)
]
(24)
is introduced and the Laplace-Beltrami operator ∆ can
be defined in terms of the exterior differential and the
codifferential ∗d† = (−1)pd∗ as ∆ = d†d+ dd† acting on
p-forms.
In the Riemannian case discussed in this subsection,
the Riemannian connection is a quantity derived from
the metric. On the other hand, the modified gravita-
tional Lagrangians of f(R) form are mathematically sim-
ple enough to accommodate independent connection with
torsion and/or nonmetricity. In such models the torsion
and/or nonmetricity induces minimal coupling terms for
the scalar field in the scalar-tensor type gravity [39]. Con-
sequently, the ST equivalents for the f(R) models with
torsion and/or nonmetricity are quite similar to the Rie-
mannian case [11]. The ST equivalents for these models
are studied in some detail in the next two subsections
using the first order formalism formulas discussed above.
B. Riemann-Cartan type f(R) model
Although both the Palatini and the metric variational
approaches yield the same equations for the metric for
the Einstein-Hilbert action, for the modified actions of
the form f(R) ∗ 1, they lead to distinct field equations.
6This subsection is devoted to the f(R) model for which
the connection is assumed to be metric compatible but
have a nonvanishing torsion. The field equations can eas-
ily be obtained from those of the metric case. Explicitly,
by setting λα = 0 in (20), R is assumed to be scalar cur-
vature corresponding to the non-Riemannian connection
Γαβ . The connection equations Π
αβ = 0 can be written
as
D(Γ) ∗ f ′θαβ = df ′ ∧ ∗θαβ +Θµ ∧ f ′ ∗ θαβµ = 0, (25)
where D(Γ) is now the covariant exterior derivative with
respect to a connection form Γαβ . (25) is an algebraic
equation for torsion 2-form and it can uniquely be solved
for torsion as
Θµ = −
1
n− 2
θµ ∧ d ln f ′, (26)
where n denotes the number of dimensions. Similarly,
the coframe variations then take the form
− f ′ ∗Gα(Γ)− 12 (R(Γ)f
′ − f) ∗ θα = 0, (27)
where ∗Gα(Γ) is the Einstein form corresponding to the
curvature of the connection Γ. It is convenient to work
with the ST equivalent which can be introduced in the
same way as before by defining φ ≡ f ′ with the Legendre
transformation V (φ) ≡ R(Γ)f ′ − f .
It is possible to rewrite (27) in terms of Riemannian
quantities as follows. In order to do so one uses the
well-known fact that a general connection Γαβ can be
decomposed into the torsion and the nonmetricity parts
in addition to a Riemannian part ωαβ as
Γαβ = ω
α
β +K
α
β − (i
αQβµ − iβQ
α
µ)θ
µ +Qαβ , (28)
where Kαβ is the contorsion 1-form defined in terms of
the torsion 2-form as Θα = Kαβ ∧ θ
β and Qαβ is the
nonmetricity 1-form defined by
Qαβ = −
1
2Dηαβ =
1
2 (Γαβ + Γβα), (29)
and ωαβ is the Riemannian connection satisfying ωαβ +
ωβα = 0 and dθ
α + ωαβ ∧ θ
β = 0 [28, 39]. Explicitly,
in the particular case of a Riemann-Cartan type f(R)
model, by making use of (26) one finds that
Kαβ = −i
α(d ln φ)θβ + iβ(d lnφ)θ
α, (30)
and consequently, using this in (28), it is possible to de-
compose the connection form Γαβ into the Riemannian
ωαβ and non-Riemannian parts as
Γαβ = ω
α
β − i
α(d lnφ)θβ + iβ(d ln φ)θ
α. (31)
On the other hand, note that (31) is precisely the con-
formal transformation law for the connection forms ωαβ
under the conformal transformations of the metric g 7→
(lnφ)2g in terms of the scalar field φ = f ′. Consequently,
in a Riemann-Cartan type f(R) theory, which leads to
an algebraic torsion, the decomposition (31) allows one
to write (27) in terms of pseudo-Riemannian quantities
and a scalar field as
− φ ∗Gα(ω) +D(ω) ∗ (dφ ∧ θα)− 12V (φ) ∗ θ
α
+
(
n− 1
n− 2
)
1
φ
∗ Tα[φ] = 0, (32)
where all quantities are pseudo-Riemannian and Tα[φ] is
the energy-momentum 3-form for the scalar field defined
by
∗ Tα[φ] = − 12 {(i
αdφ) ∗ dφ+ dφ ∧ iα ∗ dφ} . (33)
Consequently, compared to the equations (22) of the met-
ric case, the additional assumption of a nonvanishing tor-
sion further induces scalar field gravitational couplings
reflected by the last term in (27). In contrast to the
Einstein-Hilbert action, for the general case f(R) 6= R,
the Palatini variational procedure yields metric equa-
tions that are not equivalent to those obtained by the
metric variational procedure by construction [1, 2]. The
geodesics defined by Γαβ will clearly be different from
those of ωαβ .
C. f(R) model with nonmetricity
f(R) model are simple yet rich enough to allow inde-
pendent connection Γ to have nonmetricity but vanishing
torsion as well. This subcase can be obtained from the
Riemannian case by simply assuming an algebraic non-
metricity constraint while keeping the zero torsion con-
straint. In this case one has to pay attention to the fact
that the raising and lowering of the indices with ηαβ and
ηαβ do not commute with covariant exterior derivative
D(Γ).
Explicitly, the coframe equations have formally the
same as those of the Riemannian case, which takes the
form
− f ′ ∗Gα(Γ)− 12 (R(Γ)f
′ − f) ∗ θα +D(Γ)λα = 0, (34)
where the Einstein form ∗Gα(Γ) and the scalar curva-
ture R(Γ) are to be now computed from curvature of
the connection Γαβ with nonmetricity. The equations for
the connection 1-form δL/δΓαβ = 0 accordingly take the
form
D(Γ)[f ′ ∗ (θα ∧ θ
β)]− λα ∧ θ
β = 0, (35)
subject to the vanishing torsion constraint Θα = 0.
These equations can explicitly be written as
(df ′ηαµ−
1
2f
′Qαµ)∧∗θ
µβ+f ′ηαµΘν∧∗θ
αβν−θα∧λ
β = 0,
(36)
in terms of nonmetricity and torsion forms. The connec-
tion equations in this case can be regarded as an equation
for both nonmetricity 1-form and the Lagrange multiplier
72-form. The second term on the left-hand side is to be
dropped because of the constraint Θα = 0. (36) then
admits the following simple solution for nonmetricity 1-
form and the Lagrange multiplier 2-form. If one assumes
that
ηαµdf
′ − 12f
′Qαµ = 0, (37)
is satisfied by the nonmetricity 1-form then one has λβ =
0. The nonmetricity 1-form (37) has the same diagonal
elements and therefore is proportional to the Weyl 1-form
defined as the trace part of a general nonmetricity 1-form
[28].
As in the Riemann-Cartan subcase, the connection Γαβ
having nonmetricity can be decomposed into Riemannian
in addition to non-Riemannian parts as
Γαβ = ω
α
β − 2i
α(d ln f ′)θβ + 2iβ(d ln f
′)θα + 2δαβd ln f
′.
(38)
Thus, the f(R) model also allows a connection with
nonmetricity determined by the gradient of the scalar
df ′. The decomposition (38) also allows one to write the
coframe equations (34) in terms of Riemannian quanti-
ties corresponding to ωαβ and the scalar field φ ≡ f
′.
One finds that (34) can be rewritten as
− φ ∗Gα(ω) + (n2 − 1)D(ω) ∗ (dφ ∧ θ
α)− 12V (φ) ∗ θ
α
+
(2 − n)(n− 1)
2φ
[
(iµdφ) ∧ ∗dφ−
n− 7
n− 1
dφ ∧ iµ ∗ dφ
]
= 0. (39)
As in the case of the Riemann-Cartan type f(R) model,
the nonmetricity gradient introduces an additional gravi-
tational coupling term of scalar field to gravity. However,
the induced scalar coupling terms explicitly depend on
the number of the dimensions and in particular for the
number of dimension n = 4, the expression reduces to
−φ∗Gα(ω)+D(ω)∗(dφ∧θα)− 12V (φ)∗θ
α+
3
φ
∗Tα[φ] = 0
(40)
where ∗Tα[φ] is defined as in (33).
It is interesting to note that it is possible to constrain
nonmetricity form by introducing the constraint term
ρβα ∧ (Q
α
β − δ
α
βdh(R)), (41)
where h(R) is a given function of the scalar curvature and
ρβα is symmetric Lagrange multiplier (n− 1)-form. The
variational derivative of the f(R) model with the con-
straint (41) is, however, technically more involved than
the case discussed. At this point, it is convenient to note
that the constrained first order formalism encompasses
the recent C-theories which extrapolate and interpolate
the metric and the Palatini methods [40]. In the general
C-theory framework, independent connection has non-
metricity characterized by a (co)vector and it is derived
from a metric conformally related to the independent
metric depending only on the scalar curvature of the con-
nection. On the other hand, in the first order formalism
one proceeds in the opposite direction starting with a
prescribed nonmetricity on independent connection [41].
The two simple non-Riemannian cases discussed above
therefore imply that a general f(R) model can be formu-
lated in the framework of constrained first order formal-
ism to have prescribed torsion and/or nonmetricity and
these non-Riemannian models can be cast in a Rieman-
nian form with the non-Riemannian quantities inducing
further gravitational couplings of the scalar fields in the
corresponding ST equivalents.
With regard to the ST equivalence, the generalization
of the above discussion to the case with general curvature
invariant in the place of the scalar curvatureR will explic-
itly studied below. The connection equations for generic
f(R) models be involve the term ∂L/∂Ωαβ = f
′ ∗ θαβ
and lead to an algebraic equation for torsion and there-
fore the torsion does not propagate. On the other hand,
the connection equations are more complicated since
∂L/∂Ωαβ = f
′ ∗ θαβ is more complicated than those of
corresponding f(R) models discussed above. Therefore,
it is technically more difficult to treat more complicated
gravitational Lagrangians in metric and Palatini formu-
lations within the same framework and the corresponding
ST equivalents in these distinct cases will have quite dis-
tinct features as well.
In the next section, a general form of the field equa-
tions for a modified Lagrangian based on an arbitrary
curvature invariant and the construction of an ST equiv-
alent is presented and the dynamical degree of freedom
carried by the resulting scalar field is scrutinized.
IV. GENERAL SCALAR-TENSOR
EQUIVALENCE FOR AN ARBITRARY
CURVATURE INVARIANT
A salient feature of the above discussion is that the
study of the field equations for f(R) theory can be carried
out using an arbitrary scalar built out of the curvature
tensor, say P . The above analysis can be generalized to
relate the equations of motion for LP = P ∗ 1, which can
be written in the above notation as ∗EαP = 0, to those of
Lmod.P = f(P )∗1 without specifying the explicit form of
the scalar P , except it is assumed that it is constructed
out of an arbitrary contraction of Riemann tensor. It is
also not necessary to give the explicit form of the field
equations derived from the Lagrangian form P ∗ 1.
Consider, now the variational derivative of Lmod.P for a
given function f(P ). As in the f(R) case, it is convenient
to put it into the following preliminary form
δLmod.P = f
′δLP − δθ
α ∧ (Pf ′ − f(P )) ∗ θα. (42)
Now, one can make use of the general expression (6) for
δLP in (42) to obtain the variational derivative of the
8extended Lagrangian Lmod.P + LLM in the form
δ(Lmod.P + LLM )
= δθα ∧
[
f ′
∂LP
∂θα
+Dλα + (f − Pf ′) ∗ θα
]
+ δωαβ ∧
[
D
(
f ′
∂LP
∂Ωαβ
)
− 12
(
θα ∧ λβ − θβ ∧ λα
)]
+ δλα ∧Θ
α + d
(
δθα ∧ λ
α + δωαβ ∧ f
′ ∂LP
∂Ωαβ
)
. (43)
This result expresses the relation between the auxiliary
forms corresponding to the modified Lagrangian Lmod.P
and the original LagrangianLP for the partial derivatives
with respect to the gravitational variables. By consider-
ing (8), it is convenient to define the auxiliary tensor
valued forms as
∗Xαβm = f
′ ∗XαβP , (44)
and
Παβm = D ∗X
αβ
m = f
′ΠαβP + Π˜
αβ , (45)
in terms of the auxiliary forms XαβP and Π
αβ
P of the LP .
In Eq. (45), for convenience, Π˜αβ is defined to be
Π˜αβ ≡ df ′ ∧ ∗XαβP . (46)
These definitions then lead to the following convenient
split of the Lagrange multiplier form:
λα = f ′λαP + λ˜
α, (47)
with the second term is given by
λ˜α = 2iβΠ˜
βα + 12θ
α ∧ iµiνΠ˜
µν . (48)
Finally, the coframe equations for the modified La-
grangian f(P ) ∗ 1 then take the following general form
f ′ ∗EαP − (Pf
′− f(P )) ∗ θα + df ′ ∧ λαP +Dλ˜
α = 0. (49)
This equation can be considered as a slightly generalized
form of the metric f(R) equations (21). If one takes
P = R in the above formulas, one then has λαR = 0
identically with λ˜α = 4∗ (df ′∧θα) and consequently (49)
reduces to (21).
An equation for the scalar f ′, as in the f(R) case, can
be derived by tracing the metric equations. The trace
can explicitly be written as
−2diβ(df
′∧∗iαX
αβ
P )−df
′∧θα∧λ
α
P+[4f+(E−4P )f
′]∗1 = 0
(50)
where E ≡ Eαα and λ
α
P is the Lagrange multiplier of the
Lagrangian form P ∗ 1. Thus, the second term contains
only the first order derivatives of f ′ whereas the first term
contains the second order derivatives of f ′. Recalling the
definition of the auxiliary form (8), (50) implies that if
the Lagrangian form LP = P ∗ 1 is such that
∗ iαX
αβ
P = −θα ∧
∂LP
∂Ωαβ
= 0, (51)
then the equations for the scalar f ′ reduces to the alge-
braic equation 4f + (E − 4P )f ′ = 0. Note here that the
second term in (50) also involves iαX
αβ
P since
θα ∧ λ
α
P = 2iβD ∗ (iαX
αβ
P ). (52)
There are well-known cases where (52) is satisfied iden-
tically. Consider the gravitational Lagrangians involving
only the quadratic curvature expressions, where P is then
quadratic in curvature components. In four dimensions,
there is only one Lagrangian form for which (52) vanishes
identically
λαP = 2 ∗ C
α, (53)
where ∗Cα is the Cotton 2-form defined by Cα ≡ D(Rα−
1
6Rθ
α) in four dimensions [42]. In this case, it is easy
to deduce that the corresponding quadratic curvature
(QC) Lagrangian is then of the form LP = P ∗ 1 =
Rα ∧∗Rα−
1
3R
2 ∗ 1, and is equivalent to a Weyl-squared
Lagrangian up to a boundary term. This case will be dis-
cussed in a separate section below. For generic QC grav-
ity, this conclusion can be extended to arbitrary dimen-
sions simply by singling out the QC gravity Lagrangians
whose field equations have second order trace. The QC
Lagrangians having this particular property in arbitrary
dimension n ≥ 3 have been constructed in [32].
Any modified Lagrangian based on the general form
f(Riemann2) has an ST equivalent with dynamical scalar
field. This follows from the fact that, with the definition
Ωαβ ∧ ∗Ω
αβ ≡ K ∗ 1 for Lagrangian form f(K) ∗ 1, the
auxiliary form Xαβ is given by dfdK ∗Ω
αβ and its contrac-
tion does not vanish identically.
A trivial case for which the scalar field is nondynamical
is the case where λαP = 0 identically. In this case λ
α
P = 0
follows from ΠαβP = D ∗X
αβ
P = 0 and consequently the
only nonvanishing contribution to the modified Lagrange
multiplier form comes from Π˜αβ = df ′ ∧ ∗Xαβ, which
also renders f ′ non-dynamical. Recalling the expression
of the auxiliary form ∗XαβP defined in (8), the vanishing
of Lagrange multiplier in the metric case requires
D ∗XαβP = D
∂LP
∂Ωαβ
= 0, (54)
subject to the condition Θα = 0. This requirement is
identically satisfied if the partial derivative in (54) is,
for example, of the form ∗θαβ corresponding to Einstein-
Hilbert action. The next complicated example for (54) is
satisfied when the partial derivative is of the form
∂LP
∂Ωαβ
= Ωµν ∧ ∗θ
αβµν , (55)
for which D ∗XαβP ≡ 0 as a consequence of the Bianchi
identity, DΩµν ≡ 0, in addition to the vanishing torsion
constraint Dθα = 0. “Integrating” (55), one finds that
LP is the well-known Gauss-Bonnet Lagrangian density
G ∗ 1 ≡ Ωαβ ∧Ωµν ∧ ∗θ
αβµν . (56)
9Consequently, for a modified gravitational Lagrangian
density of the form f(G) ∗ 1, the scalar tensor equiv-
alence yields only a superficial field redefinition for f ′,
since there is no dynamical degree of freedom resulting
from the function f ′.
The use of the first order formalism relative to an or-
thonormal coframe makes the construction of ST equiv-
alents transparent for a given modified gravitational La-
grangian and allows one to write the field equations in a
formally simplified form in the pseudo-Riemannian case.
The new insight gained through the study of the La-
grange multiplier term of the modified Lagrangian in
terms of the original Lagrangian is that the equation for
the scalar field in a generic ST equivalent is determined
by the properties of the field equations of the original
Lagrangian and the dynamical status of the scalar field
depends on the form of the original Lagrangian through
the trace of the derivative ∂LP /∂Ωαβ.
Although it is only technically more involved, it is
straightforward to extend the above discussion to the case
where f depends on an arbitrary number of arguments.
In particular, note that the form of the metric equations
(49), independent of the explicit form of the scalar P ,
facilitates the field redefinition f ′ = φ and thus it moti-
vates a dynamically equivalent multi-scalar-tensor model
for the modified gravitational Lagrangian densities of the
form L = f(R,Q, P,K, . . .) ∗ 1 where Q,P,K, . . . are dis-
tinct scalars in the components of the curvature tensor.
In the general case, the scalar f ′ has nonminimal coupling
and is dynamical. On the other hand, in the case where
the scalar field is nondynamical, the Legendre transform
of f becomes proportional to the trace of the equations
that follow from P ∗ 1 and the field redefinition f ′ ≡ φ
becomes superfluous.
As will also be studied to some extent in the examples
below, the number of scalar fields in the ST equivalents
can be less than the number of scalars on which a gen-
eral f depends. This is, in fact related to the property
of the Legendre transform with constraints and conse-
quently the number of scalar field equations can be less
then the number of independent arguments of f . The
constraints in the present context though are not related
to the evolution of the gravitational field variables [23].
In the next section, these considerations will be ap-
plied to the explicit cases where the scalars Q,P,K are
assumed to be some quadratic curvature scalars and to
their corresponding ST equivalents, which are relevant to
some popular cosmological models.
V. MODIFIED QUADRATIC CURVATURE
LAGRANGIANS
In order to study the multi-ST equivalents for modi-
fied gravity models at the level of the field equations, it
is first convenient to study the field equations that follow
from quadratic curvature models. Eventually, the field
equations for the modified models will be formulated in
terms of quadratic curvature gravity equations with non-
minimally coupled scalar fields.
In four dimensions, there are three independent
quadratic curvature scalars, namely R2 ∗1, Rα∧∗R
α and
Ωαβ∧∗Ω
αβ . Therefore the most general gravitational ac-
tion density involving quadratic invariants consists of lin-
ear combinations of these individual densities. For what
follows it is convenient to introduce the scalars Q,P,K
by the following definitions
LQ = Q ∗ 1 ≡ R
2 ∗ 1,
LP = P ∗ 1 ≡ R
α ∧ ∗Rα,
LK = K ∗ 1 ≡ Ω
αβ ∧ ∗Ωαβ .
(57)
In this section ST equivalents for the Lagrangian density
of the form f(Q,P,K) ∗ 1 will explicitly be constructed
and the corresponding field equations will be derived in
some generality.
As a result of the well-known fact that, in four space-
time dimensions, the variational derivative of the Gauss-
Bonnet term vanishes [43], i.e., δ(Ωαβ∧Ωµν∧∗θ
αβµν) = 0,
only two of the three Lagrangian densities in (57) are
functionally independent. However, intending the modi-
fication of the quadratic curvature Lagrangian densities
in the f(R) spirit, it is convenient to work with all three
scalars. For further calculational details for the varia-
tional derivatives of the Lagrangians relative to an or-
thonormal coframe considered here, see [31–33].
Since the field equations for any of the Lagrangians in
(57) can be written in the same particular form, it is con-
venient to define the following total Lagrangian density,
Lqc = aLQ + bLP + cLK , (58)
where a, b, c are arbitrary coupling constants and Latin
subscripts Q,P,K, for example, indicate tensorial quan-
tities belonging to the Lagrangians LQ,LP ,LK respec-
tively. Note that the scalar fields in the equivalent La-
grangians are not dynamical for every combination of the
QC coupling constants a, b, c. For (58), one has
∂Lqc
∂θµ
= Ωαβ ∧ i
µ ∗Xαβt − i
µLqc ≡ ∗T
µ
qc, (59)
where the auxiliary 2-form is explicitly given by
Xαβqc = aX
αβ
Q + bX
αβ
P + cX
αβ
K (60)
= 2aRθαβ + b (θα ∧Rβ − θβ ∧Rα) + 2cΩαβ .
Note that (59) can be written in a linear sum of the form
∗ Tαqc = a ∗ T
α
Q + b ∗ T
α
P + c ∗ T
α
K , (61)
with the help of (60). The auxiliary 3-form ∗Tαqc has
a mathematical structure that is formally analogous to
energy-momentum form of a generic minimally coupled
matter 2-form field F = 12Fαβθ
αβ expressed relative to an
orthonormal coframe (see, e.g., [44]). It is, for example,
traceless (only in four dimensions): Tαqcα = 0. Thus, only
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the fourth order terms, the Lagrange multiplier terms,
contribute to the trace of the metric equations. Xαβqc is
used to calculate λαqc making use of Π
αβ
qc = D ∗X
αβ
qc and
the Lagrange multiplier can similarly be written as the
linear sum of multipliers for individual QC components
as
λαqc = aλ
α
Q + bλ
α
P + cλ
α
K
= 4a ∗ (dR ∧ θα) + b ∗D(2Rα +Rθα)
+ c(4iβD ∗Ω
βα + θα ∧ iµiνD ∗ Ω
µν). (62)
Consequently, with the help of the general formulas pro-
vided above, the field equations for the general quadratic
curvature Lagrangian (58) can be written in the concise
form
∗ Eαqc = Dλ
α
qc + ∗T
α
qc = 0. (63)
In the general case corresponding to (58), the form of the
field equations is dimension independent and the trace of
the field equations (63) in n ≥ 3 can be found as
Eqc ∗ 1 = −[4a(n− 1)+nb+ c]d ∗ dR+(n− 4)Lqc, (64)
where Eqc ∗ 1 ≡ θα ∧ ∗E
α
qc as before and in the present
work we confine the study to n = 4 dimensions.
After the discussion of the QC field equations in an
appropriate form, now it is convenient to consider the
gravitational Lagrangians that depend on the quadratic
curvature invariants Q,P,K in the form
Lmod. = f(Q,P,K) ∗ 1. (65)
Before studying modified gravitational field equations for
specified functions f , it is first convenient to derive the
field equations in some generality. As before, it is con-
venient to write the total variational derivative of the
Lagrangian Lmod. in the form
δLmod. = fQδLQ + fP δLP + fKδLK
+ (f −QfQ − PfP −KfK)δ ∗ 1. (66)
The explicit form of the last term on the right-hand side,
in this case, is the Legendre transform of the function
f(Q,P,K). By introducing the scalar fields
φ1 ≡ fQ =
∂f
∂Q
, φ2 ≡ fP =
∂f
∂P
, φ3 ≡ fK =
∂f
∂K
, (67)
the variational derivative of the modified Lagrangian Lm
becomes equivalent to that of the multi-scalar-tensor-
type Lagrangian
LST = φ1LQ + φ2LP + φ3LK − V (φ1, φ2, φ3) ∗ 1, (68)
provided that the potential term V (φ1, φ2, φ3) for the
scalar fields is taken to be the Legendre transform of
f(Q,P,K), namely
V (φ1, φ2, φ3) ≡ QfQ + PfP +KfK − f(Q,P,K). (69)
Note that the labels Q,P,K stand for derivative only
when they are written as a subscript of the function f
and in all other cases it is a discriminating label for the
corresponding QC quantities.
Similar to the f(R) theory case, the dependence of the
multivariable function f on a particular scalar introduces
a corresponding scalar field by means of the Legendre
transform. The number of scalar fields φk does in fact
depend on the explicit form of the function f and is equal
to the rank of the Hessian matrix related to the Legendre
transform of f . It is assumed that the function f satisfies
some regularity condition which ensures that the Legen-
dre transformation is invertible. The Hessian matrix of
the Legendre transformation {fP , fQ, fK} 7→ {φ1, φ2, φ3}
is assumed to be of rank three [23]. For the explicit ex-
amples discussed below, the relevant Hessian matrices are
of lower rank and consequently the general formulas for
multi-ST equivalence simplify considerably.
In terms of the new field variables defined above, the
equations for the modified gravitational Lagrangian can
be written concisely in the form
φ1 ∗ E
α
Q + φ2 ∗ E
α
P + φ3 ∗ E
α
K − V (φ1, φ2, φ3) ∗ θ
α + 2dφ1 ∧ iβD ∗X
αβ
Q + 2dφ2 ∧ iβD ∗X
αβ
P
+ 2dφ3 ∧ iβD ∗X
αβ
K + 2D[(iβdφ1) ∗X
αβ
Q + (iβdφ2) ∗X
αβ
P + (iβdφ3) ∗X
αβ
K ] = 0, (70)
relative to an orthonormal coframe [32]. Equations (70)
can be considered to be an extension of the field equations
(22). These metric equations follow from their multi-ST
equivalent actions (68) which are called “dual” to the
original modified actions [23].
For generic quadratic curvature gravity, the tensor-
valued auxiliary forms Xαβqc above involve the terms that
are linear in the contraction of the curvature 2-form,
Ricci 1-form and scalar curvature and consequently, the
terms containing Xαβ in (70) can be regarded as the in-
teraction terms of the scalar fields φk with curvature for
k = 1, 2, 3. These terms generalize the second term in
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(21) in the sense that the expression f ′θαβ for the f(R)
model is replaced with the above Xαβ’s that are linear
in curvature components. The equations for the scalar
fields then can be obtained by tracing the field equations
as in the f(R) case. In particular, tracing the general
equation (70), it is easy to find that the scalar fields be-
come nondynamical if the corresponding Xαβ satisfies
iαX
αβ = 0. This important subcase will be studied in
one of the case studies below. However, note that, in con-
trast to the simpler f(R) case, the metric equations for
the ST equivalent model are still fourth order in metric
components in this case as well.
The field equation (70) encompasses all the cases below
except for the sixth order case where the generalization of
dR∧∗dR ≡ S∗1 in the form f(S) will also be considered.
However, because the derivation of the field equations
proceeds in a slightly different way than other quadratic
curvature Lagrangians, it will be treated separately be-
low. However, it is easy to include the scalar S in the
above framework once the corresponding field equations
are obtained. Various examples that are of interest in
applications of modified gravity ranging from cosmology
to the topics relevant to the quantum properties of black
holes are studied below.
A. Modified Ricci-squared Lagrangian
For a relatively simple application of the use of the
general result obtained in the previous section, consider
the case where f = f(P ) where P is defined in (57). By
making use of (70), the field equations for the Lagrangian
density f(P ) ∗ 1 can immediately be written down as
φ ∗ EαP − V (φ) ∗ θ
α + 2dφ ∧ iβD ∗X
αβ
P
+2D[(dφ)β ∗X
αβ
P ] = 0, (71)
where in this case, φ ≡ dfdP , the potential is given by
V (φ) = P dfdP − f(P ) and the explicit form of the equa-
tions for the Ricci-squared Lagrangian density P ∗1 takes
the form
∗EµP = D ∗D(2R
µ+Rθµ)− 12 (i
µΩαβ) ∧ ∗X
αβ
P
+ 12Ωαβ ∧ i
µ ∗XαβP = 0, (72)
with XαβP = θ
α ∧Rβ − θβ ∧Rα. Inserting the expression
(72) into (71) and then calculating the trace, after some
algebra, one obtains
φd ∗ dR − 4V (φ) ∗ 1 + 2 dφ ∧ ∗dR
+2 d[(dφ)α ∗R
α] +Rd ∗ dφ = 0. (73)
The importance of the result (71) becomes more pro-
nounced when it is considered in connection with the
result that the modified gravitational Lagrangian based
on f(R,Q, P ) = R + aQ + bP is equivalent to Einstein
gravity interacting with additional fields [16, 45].
The field equations for the f(P ) Lagrangian in the
first order formalism can easily be found simply by dis-
regarding the term imposing the constraint Θα = 0. In
this case, the independent (metric compatible) connec-
tion and coframe equations respectively take the form
D(Γ) ∗ f ′XαβP = 0, (74)
f ′ ∗ TαP [Ωµν(Γ), X
µν
P ] + (f − Pf
′) ∗ θα = 0, (75)
where Ωµν(Γ) is the curvature 2-form corresponding to
the connection Γαβ and D(Γ) stands for the covariant
exterior derivative corresponding to the connection Γαβ .
In the case f(P ) = P , assuming that the connection Γαβ
is torsion free, for an Einstein manifold with the Ricci
1-form of the form Rα = k θα for some nonzero constant
k, the connection equations (74) are satisfied identically
since XαβP simplifies to X
αβ
P = 2k θ
αβ . Moreover, the
auxiliary 3-form ∗TαP [Ωµν(Γ), X
µν
P ], in this case takes the
form
∗ TαP [Ωµν(Γ), X
µν
P ] = kΩµν(Γ) ∧ ∗θ
αµν − 4k2 ∗ θα, (76)
and consequently, the coframe equations (75) become the
familiar vacuum Einstein field equations with a cosmo-
logical constant
− 2f ′k ∗Gα − f ′4k2 ∗ θα + (f − 4k2f ′) ∗ θα = 0, (77)
where P = 2k2 for which f(P ) and f ′(P ) are also con-
stants. These equations then constitute a certain part
of the theorem on the so-called universal property of
the Lagrangians depending on the Ricci-squared scalar
[46]. Note however that in a metric theory, the generic
quadratic curvature Lagrangians (as well as their modi-
fication in the f(P ) fashion) lead to fourth order equa-
tions, and they admit Einstein metric solutions for which
the fourth order term (Dλα term) vanishes identically
making the corresponding second order metric equa-
tions become identical to (75). One thus concludes that
quadratic curvature models of type f(P ) in both first
order and metric theories admit a common set of Ein-
stein metric solutions. However, the number of dimen-
sions is an important parameter, since for example, in
three dimensions any Einstein metric has constant cur-
vature. Moreover, ∗TαP has vanishing trace only in four
dimensions and otherwise its trace is proportional to the
density LP .
In the first order formalism and in the context of ST
equivalence, the trace of the coframe equations yield
f − Pf ′ = 0 and thus the consistency of the equations
requires the Legendre transform of f(P ) to vanish and
they do have a scalar-tensor equivalent with a dynamical
scalar field as in the case of the metric framework.
It is easy to show that the universality property of the
quadratic curvature Lagrangian f(P ) ∗ 1 is also shared
by f(Q) ∗ 1 [47]. Take, for simplicity of the argument,
the Lagrangian Q ∗ 1. In the first order formalism and
with the assumption Rα = k θα, the corresponding aux-
iliary 2-form then becomes XαβQ = 8k
2 θαβ and both the
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connection and the coframe equations are satisfied iden-
tically for a Riemannian connection. Consequently, the
universality property of the f(P ) ∗ 1 in fact can be ex-
tended to the Lagrangian densities of the form f(Q,P )∗1.
For the case f is a nonlinear function of P , the con-
nection equations allow an algebraic torsion, cf. Eqn.
(25), as in the case of Einstein-Cartan type f(R) theory
discussed in Sec. III.
Consequently, the connection Γαβ has exactly the same
decomposition as (31) with f ′ = fP and the coframe
equations assume the form
Ωµν(Γ) ∧ i
α ∗Xµν − 12 i
αLQ = 0, (78)
which can be written in terms of the geometrical quanti-
ties belonging to the metric compatible and torsion-free
connection ω related to Γ by (26).
As in the case of the R2 Lagrangian, the conformal
transformation of the Ricci-squared Lagrangian and the
corresponding field equations do not lead to a simpli-
fied form for ST equivalents. Because the expressions
involved are relatively more manageable, it is preferable
to work at the Lagrangian level to find how Ricci-squared
Lagrangian transforms under conformal transformations.
Under the conformal transformation defined by g 7→
g˜ = φ−2g or equivalently, θ˜α = φ−1θα in terms of coframe
basis 1-forms in n dimensions, the transformation of the
Ricci-squared Lagrangian density can be expressed in the
form
L˜P = R˜
µ ∧ ∗˜R˜µ = R˜
µνR˜µν ∗˜1 = φ
(n−4)
{
RµνRµν + 2(2− n)
[
Dν(d lnφ)µ − (d ln φ)ν(d lnφ)µ
]
Rµν
+
[
(2− n)(d ln φ)µ(d lnφ)
µ −Dµ(d ln φ)
µ
]
R + (2− n)2Dµ(d ln φ)
νDµ(d ln φ)ν
− 2(2− n)2Dν(d lnφ)µ(d ln φ)
µ(d lnφ)ν − (2− n)
2(n− 1) [(d lnφ)α(d ln φ)
α]
2
+ (3n− 4) [Dµ(d ln φ)
µ]2 + 2(2− n)(3 − 2n)Dµ(d lnφ)µ(d lnφ)ν(d lnφ)
ν
}
∗ 1, (79)
where the shorthand notation Dµ ≡ iµD has been used.
Apparently, with a conformal transformation (79), the
Ricci-squared Lagrangian LP cannot be transformed into
an Einstein-Hilbert Lagrangian with a nonminimally cou-
pled scalar field in a simple manner as in f(R) models
[48].
B. Modified quadratic curvature Lagrangians in a
cosmological context
In order to account for the late-time expansion rate of
the Universe, the gravitational Lagrangians that modify
the usual Einstein-Hilbert Lagrangian provide popular
alternatives to the general relativistic cosmological mod-
els that involve dark energy and dark matter. Yet an-
other approach is to alter the gravitational sector of the
standard cosmological models so that it reconciles with
the current cosmological observations. The ST equiva-
lence for modified gravitational Lagrangians introduced
above blurs the distinction between the two approaches.
In this regard, it may be worthwhile to isolate the prop-
erties and predictions of some favorable modifications of
the geometrical sector for a given cosmological model
which cannot be reduced to simpler models having scalar
degrees of freedom.
Although they are in conflict with solar system tests
for gravity, the modified gravitational Lagrangians, for
example, of the f(R) form,
f(R) = R−
µ4
R
, (80)
are considered in attempts to account for the observed
late-time cosmic acceleration. Here µ is a parameter
which has the dimension of mass [49]. The basic idea
behind the addition of R−1 to the Einstein-Hilbert La-
grangian (80) is to change the field equations in the
low curvature regime. Although it is possible to intro-
duce the ST equivalent of (80) in the way highlighted
in Sec. III which brings (80) to Einstein gravity with
scalar field field coupled minimally to gravity (and non-
minimally coupled to the matter fields if present), slightly
more general modified gravitational Lagrangians are in-
troduced later [25]. In a similar manner, in order to in-
vestigate the cosmological consequence of vacuummodels
by modifying the gravitational sector only, inverse pow-
ers of quadratic curvature invariants have been adopted.
In particular, (80) is generalized to include the additional
quadratic curvature scalars Q,P,K in the form,
f(R,Q, P,K) = R−
µ4n+2
(aQ+ bP + cK)n
, (81)
where n is an integer. This form avoids the flat space so-
lution and has desirable dynamical features similar to the
Lagrangian in (80) in connection with the cosmic accel-
eration [25]. The ST equivalent Lagrangian for (81) has
been introduced before in a a different form in [22] in con-
nection with its particle content when linearized around
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a curved background. It is argued that such modified
gravitational Lagrangians are not conformally equivalent
to Einstein gravity plus scalar matter sources [25] so that
such models reflect solely the effects of modification of the
gravitational sector. The multi-ST equivalent for (81), on
the other hand, offers a somewhat simplified fourth order
model with a nonminimally coupled single scalar degree
of freedom.
For the sake of simplicity, here the modified Lagrangian
density of the form
Lmod.qc = (aQ+ bP + cK)
m ∗ 1 (82)
with m is an integer will be considered. For this partic-
ular subclass of Lagrangians, the Legendre transform in-
troduced above simplifies considerably to yield an explicit
form of the potential term in terms of the scalar field. In
this case, for the specific form of the function f in (82),
fQ, fP , and fK are all proportional to one another and
thus it is possible to introduce a single scalar field cou-
pled nonminimally to quadratic curvature Lagrangians.
Explicitly, the ST equivalent for (82) becomes
Leq. = φLqc ∗ 1− V (φ) ∗ 1, (83)
where, for convenience, the quadratic curvature La-
grangian Lqc is defined as
Lqc ≡ (aQ+ bP + cK) ∗ 1, (84)
and the scalar field is obtained by the field redefinition
φ ≡ (aQ + bP + cK)m−1. Consequently, the potential
term in (83) takes the form of a fractional power law as
V (φ) =
(m− 1)
m
φm/(m−1). (85)
Therefore, the field equations for ST equivalent La-
grangian (83) can be derived from those of (84) by pro-
ceeding in the same way as in the first example above.
The field equations for (84) can be written in the form
∗ Eαqc = Dλ
α
qc + ∗T
α
qc = 0, (86)
where both terms are to be calculated by using the aux-
iliary tensor-valued 2-form
Xαβqc = 2aRθ
αβ + b(θα ∧Rβ − θβ ∧Rα) + 2cΩαβ. (87)
Then the corresponding 2-form for (83) is Xαβeq. = φX
αβ
qc .
Consequently, the Lagrange multiplier 2-forms for (83)
and (84) are related by
λαeq. = φλ
α
qc + 2(dφ)β ∗X
αβ
qc . (88)
Eventually, one finds the equation
φ ∗ Eαqc + 2D[(dφ)β ∗X
βα
qc ] + 2dφ ∧ iβD ∗X
βα
qc
+ (1−m)m φ
m/(m−1) ∗ θα = 0, (89)
which is a simplified and special case of the general ex-
pression (70). By tracing the field equations, after some
algebra, one finds the equation for the scalar field
(6a+ 2b)Rd ∗ dφ+ [4(6a+ 2b) + 2c] dφ ∧ ∗dR
+(6a+ 2b+ c)φd ∗ dR+ 2(b+ c) d ∗ [(dφ)αR
α]
+ 4(1−m)m φ
m/(m−1) ∗ 1 = 0. (90)
Note that it is possible to recover the subcases mentioned
above referring [32] with particular values of the coupling
constants a, b, c for which φ is nondynamical.
The subcase corresponding to m = −1 in (82) as well
as the individual inverse powers of the quadratic curva-
ture invariants supplemented with Einstein-Hilbert ac-
tion have been studied in [25] in the context of cosmo-
logical models. In that work, it is stated that the gen-
eralization of the gravitational Lagrangian of the form
(84) to the modified form (82) is not equivalent to Ein-
stein gravity plus matter sources. What we see in this
work is that any modification of the form f(Q,P,K . . .)
induces scalar fields coupled nonminimally to individual
curvature scalars Q,P,K, . . . in ST theory of the form
(84) in the same sense that f(R) models have ST equiva-
lents. Thus, modifications of gravitational Lagrangian in-
evitably induce nonminimal scalar matter couplings and
in this sense the ST equivalence blurs the distinction
between adding matter fields, for example of the form
dark energy/matter to Einstein equations and changing
the gravitational sector starting from a modified gravi-
tational action. In particular, in the case of the grav-
itational Lagrangian of the form (81), the scalar-tensor
equivalent turns out to be a simpler gravitational model
with a single scalar field coupled nonminimally to cur-
vature components and having a suitable potential term
for the resulting scalar field.
C. Modified Weyl gravity
For conformally invariant Weyl gravity [50, 51], the La-
grangian density can be written in terms of the contrac-
tion of the Weyl 2-form Cαβ with itself in the following
convenient form
LW = Cαβ ∧ ∗C
αβ
= Ωαβ ∧ ∗Ω
αβ − 12Rα ∧ ∗R
α + 16R
2 ∗ 1, (91)
where Weyl 2-form Cαβ is the trace-free part of the cur-
vature 2-form and can be expressed as
Cαβ = Ωαβ − 12 (θ
α ∧Rβ − θβ ∧Rα) + 16Rθ
αβ . (92)
With the help of the result that λαW = 2C
α where
Cα = DLα is the Cotton 2-form derived from Schouten
1-form Lα = Rα − 16Rθ
α [42] and using the above gen-
eral formulas for quadratic curvature Lagrangians, it is
possible to show that the field equations that follow from
(91) take the form
−Rβ ∧ ∗C
αβ +D ∗ Cα + 12 ∗ T
α
W = 0. (93)
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The last term explicitly has the form
∗ T µW ≡ −(i
µCαβ) ∧ ∗Cαβ + C
αβ ∧ iµ ∗ Cαβ , (94)
and vanishes identically in four dimensions [43]. In the
present notation, this result can simply be obtained by
making use of the identity ∗Cαβ = 12ǫ
αβ
µνC
µν satisfied
by Weyl 2-form in four dimensions (the same identity
is also used to simplify the Lagrange multiplier term as
well, see [42]) in the expression (94). Consequently, the
Weyl gravity equations further reduce to
∗ EαW = Rβ ∧ ∗C
βα +D ∗ Cα = 0. (95)
Note here that, in the component form the left hand side
of (95) defines the Bach tensor Bαβ [50]. In the present
notation, and thus relative to an orthonormal coframe,
it can be defined by introducing the vector-valued form
Bα = EαW by means of the identification B
α = Bαβθ
β .
Now consider the field equations for the modified grav-
itational Lagrangian based on the Weyl scalar C which
can be defined as C ∗ 1 ≡ Cαβ ∧ ∗C
αβ . In the spirit of
the f(R) model, consider the modified Lagrangian of the
form
Lmod.W = f(C) ∗ 1. (96)
By making use of the field redefinitions dfdC ≡ φ, one has
Παβmod.W = 2φ ∗ C
αβ and therefore,
λαW = 2φ ∗ C
α + 4(dφ)β ∗ C
αβ . (97)
Consequently, the field equations take the form
φ∗Bα+2dφ∧iβD∗C
αβ+2D[(dφ)β∗C
αβ]−V (φ)∗θα = 0,
(98)
where the potential for the scalar is, as before, given by
the Legendre transform V (φ) = f − Cφ with φ ≡ dfdC
and note also that (dφ)β refers to the components of
the 1-form dφ relative to an orthonormal coframe. The
field equations for Weyl theory (95) have vanishing trace,
Bαα = 0 as a consequence of trace-free property of Bach
form which in turn follows from the common properties
of Weyl 2-form and Cotton 2-form, that is iαC
αβ = 0 and
iαC
α = 0 respectively. This property is also maintained
in the modified equations and thus leads to the fact that
the trace of the vacuum field equations (98) implies the
constraint
f(C)− Cf ′(C) = 0, (99)
i.e., the potential for the scalar vanishes for consistency of
the vacuum field equations. Thus, in this case the scalar
field turns out to be nondynamical. Consequently, for the
modified Weyl Lagrangian there is no advantage in field
redefinitions via a Legendre transform. In terms of f ′ =
df
dC , the vacuum field equations (98) can be rewritten as
f ′ ∗Bα+2df ′∧ iβD ∗C
αβ+2D[(df ′)β ∗C
αβ] = 0, (100)
subject to the condition (99). With regard to the practi-
cal use of the resulting field equations to the problems of
interest in black hole physics for a given f(C), (100) may,
for example, allow one to adopt an alternative and direct
approach to the analysis given in [52] provided that the
above analysis is extended to higher dimensions.
VI. A MODIFIED SIXTH ORDER
LAGRANGIAN
The above procedure of introducing ST equivalents can
also be extended to even higher order theories which was
studied previously in [53]. For example, gravitational La-
grangians involving cubic Ricci terms lead to sixth order
metric equations. This section deals with another type of
sixth-order gravitational Lagrangian based on the square
of the gradients of the scalar curvature. In terms of dif-
ferential forms such a Lagrangian form can be written
as
Ls = dR ∧ ∗dR. (101)
For (101), one has Παβs = D ∗ [(∆R)θ
αβ ], and using the
general formulas of Sec. 2, one can easily show that it
leads to the sixth order vacuum field equations
∗Eαs = −4(∆R)∗R
α+2D∗(∆dR∧θα)−∗Tαs = 0. (102)
Equation (102) involves the Laplace-Beltrami operator
∆ defined above and the Lagrange multiplier term, the
second term in (102), contains sixth order partial deriva-
tives of the metric components relative to a coordinate
coframe. 3-form ∗Tαs is defined as
∗ Tαs ≡ (i
αdR) ∗ dR+ dR ∧ iα ∗ dR, (103)
similar to the energy-momentum 3-form for the scalar
field (33). Unlike the above quadratic curvature cases, 3-
form ∗Tαs is not calculated by a corresponding auxiliary
2-form Xαβ, but it results from the commutation of the
variational derivative with ∗ for (101). However, even-
tually, the field equations written as (102) take a form
similar to the those studied above in Sec. III. In fact,
Eq. (102) can be brought into form more akin to those
of a Brans-Dicke type ST theory as in the f(R) case.
By comparing the field equation (102) with (22) it is
possible to deduce that (102) can be written in the form
analogous to (22) by the simple field redefinition ∆R ≡ φ.
Note that such a mathematical connection is not obvious
at the level of Lagrangian. In doing so, (102) then takes
the form
− 4φ ∗Rα − ∗Tαs + 2D ∗ (dφ ∧ θ
α) = 0. (104)
By taking the trace of Eq. (102), one finds
Eαsα ∗ 1 = 3∆∆R ∗ 1 +R∆R ∗ 1− dR ∧ ∗dR = 0, (105)
or equivalently, in terms of the scalar field it can be
rewritten in the form
3d ∗ dφ+Rφ ∗ 1− dR ∧ ∗dR = 0. (106)
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The frame in (102) or (104) can be regarded as Jordan
frame equations. One can try to put these into Einstein
frame equations by considering a conformal transforma-
tion where equations coupled minimally to a scalar field
with additional curvature-source terms.
The model based on f(R) ∗ 1 + adR ∧ ∗dR has been
studied before in the context of cosmological perturba-
tions [53, 54]. By making use of the field equations (21)
and (102), it is possible to write the metric equations of
such a Lagrangian in a form similar to (21), explicitly in
the form
− 2F ∗Gα+2D ∗ (dF ∧ θα)+ (f −RF )∗ θα−a∗Tαs = 0,
(107)
where the definition F ≡ fR−2a∆R has been introduced
for convenience. In particular, for f(R) = R + bQ, it
was shown that, by suitable field redefinitions after a
conformal transformation analogous to the case for f(R)
models, it is possible to rewrite (107) as Einstein gravity
with two interacting scalar fields [55].
It is now a convenient point to introduce ST equiva-
lents for the generalization of the Lagrangian (102) in
f(R) fashion. One proceeds in the same way as in
the examples before and first define the scalar S via
S ∗ 1 ≡ dR ∧ ∗dR. Then, the formulas of previous sec-
tions can be used to derive the explicit form of the field
equations based on the modified Lagrangian
Lmod.s = f(S) ∗ 1, (108)
by making use of the field equations (102). Explicitly,
by introducing dfdS ≡ f
′ ≡ φ, they can be written in the
form (70) as
φ ∗ Eαs + V (φ) ∗ θ
α + 2φD ∗ (∆dR ∧ θα)
+2dφ ∧ ∗(∆dR ∧ θα) + 2∆dR ∧ ∗(dφ ∧ θα) = 0, (109)
where the potential term is the Legendre transform
V (φ) ≡ f−Sf ′. The trace of the modified field equations
then yields a second order dynamical field equation for
the scalar field coupled to the derivatives of the scalar
curvature R as
6(∆φ)∆R ∗ 1− 12∆dR∧ ∗dφ+φEαsα ∗ 1+ 4V (φ) ∗ 1 = 0.
(110)
Finally, it is a worthwhile to note that this example
also illustrates a subtlety related to surface terms in
the derivation of the field equations for modified grav-
ity models. Recall that, using the properties of exterior
derivative, coderivative and the Laplace-Beltrami opera-
tors, one has
d(R ∗ dR) = −R∆R ∗ 1 + dR ∧ ∗dR. (111)
Thus, (101) is equivalent to the Lagrangian density
R∆R ∗ 1 and consequently they lead to the same field
equations. On the other hand, it is easy to show that
the field equations that follow from f(R∆R) ∗ 1 are not
equivalent to those that follow from f(∗(dR ∧ ∗dR)) ∗ 1.
VII. CONCLUDING COMMENTS
An apparent advantage of the use of the first order
formalism is that it allows one to treat various modi-
fied gravitational Lagrangians ranging Ricci-squared La-
grangian in Palatini formalism and f(R) models with
nonmetricity and torsion to modified curvature-squared
Lagrangians in a unified framework. From a technical
point of view, it is also possible to relate the first or-
der formalism to the C-theories introduced recently in
[40]. In addition, the use of exterior algebra of tensor-
valued forms renders the tensorial manipulations easier
compared to the methods involving corresponding tensor
components.
A general modified gravitational Lagrangian of the
form f(R,P,Q,K, S) ∗ 1 can be reduced to simpler La-
grangians involving R,P,Q,K, S, . . . with a number of
nonminimally coupled scalar fields in the sense that
f(R) ∗ 1 is related to the Einstein-Hilbert Lagrangian
R ∗ 1 with nonminimally coupled scalar fields. The dy-
namical degree of freedom for the scalar fields, as well as
the number of resulting independent scalar fields depend
on the explicit form of the function f as discussed with
the explicit examples.
The multi-scalar-tensor equivalence discussed above
for the modified gravitational actions can be regarded as
an extension of the equivalence between the Brans-Dicke-
type ST theory and f(R) theory to more complicated
gravitational Lagrangians. In this regard, the procedure
generates Brans-Dicke type scalar fields each of which are
nonminimally coupled to curvature components. On the
other hand f(R) models are simple enough to accommo-
date a general connection with algebraic (i.e. nonpropa-
gating) torsion and nonmetricity. These non-Riemannian
models can also be cast into a form expressed in terms of
pseudo-Riemannian quantities in addition to new grav-
itational interactions induced by non-Riemannian parts
[10]. These features of f(R) models, in general, do not
carry over to modified gravitational Lagrangians based
on more complicated curvature scalars.
The important issues to be addressed in constructing
multi-ST equivalents are the number of resulting scalar
fields and the determination of the dynamical degrees of
freedom by the resulting scalar fields. The former prob-
lem has been addressed in [23] by using constraint anal-
ysis and the theory of primary constraints related to the
Legendre transform of constrained systems. The latter is-
sue can be addressed by discussing the ST equivalents at
the level of field equations as we have discussed above. In
the case where the scalar field is nondynamical ST equiv-
alence becomes a superficial field redefinition. Moreover,
save for some possible special cases, the scalar field sat-
isfies a field equation of its own with certain curvature
interaction terms depending on the particular curvature
scalars under consideration.
With the experience gained through the ST equiv-
alents for the gravitational models explicitly discussed
above, the scope of the ST equivalence can be expanded
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to cover topological terms in gravitational models. In
fact, the application of the idea of ST equivalence to
topological terms provides a mechanism to incorporate
such terms into gravitational Lagrangians [31]. Con-
sider, for example, the Chern-Simons modified gravity
where the Einstein-Hilbert Lagrangian is supplemented
with a term Ωαβ ∧ Ω
β
α multiplied by a so-called cosmic
scalar field. It is well known that, without a multiplica-
tive scalar field, such a term does not contribute to the
field equations, since it is the exterior derivative of the
term dωαβ ∧ω
β
α+
2
3ω
α
β ∧ω
β
µ∧ω
µ
α. As for all the exam-
ples studied above, one starts with the scalar T which is
defined by T ∗ 1 ≡ Ωαβ ∧Ω
β
α, the Lagrangian density of
the form f(T ) ∗ 1 with arbitrary function f contributes
to the field equations without the need to introduce a
scalar field. In the same manner, in four dimensions, it
is possible to incorporate quadratic Gauss-Bonnet term
G∗1 ≡ Ωαβ∧Ωµν∧∗θ
αβµν into a gravitational Lagrangian
by considering the term of the form f(G) ∗ 1 see, for ex-
ample, [31]. However, in neither of the cases the scalar
field is dynamical.
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APPENDIX
In order to facilitate comparison with the existing liter-
ature, often involving expressions and computations rel-
ative to a coordinate coframe, an illustration of how field
equations relative to a coordinate coframe can be derived
from the corresponding equations relative to an orthonor-
mal coframe will be presented in some detail.
Any of the field equations ∗Eα = 0 derived above in
terms of the vector-valued form Eα = Eαβθ
β is related
to the coordinate expression Eab = 0 by Eαβ with Eαβ =
eaαe
b
βEab. (Here the Latin indices refer the to components
of tensors relative to a coordinate coframe). Likewise,
the basis coframe 1-forms are related by θα = eαadx
a
whereas the basis frame fields are related by eα = e
a
α∂a
with eαae
a
β = δ
α
β and e
α
ae
b
α = δ
a
b .
After these preliminary definitions, take, for example
the metric vacuum field equations ∗Eα = 0 for the f(R)
model, (21) derived above relative to an orthonormal
coframe. These can conveniently be rewritten in the form
− ∗
(
f ′Rα −
1
2
fθα
)
+D ∗ (df ′ ∧ θα) = 0. (112)
The derivation of the corresponding coordinate expres-
sions then involves converting covariant exterior deriva-
tives D in the second term into covariant derivatives
∇ea ≡ ∇a. This requires careful use of the properties
of the covariant exterior derivative. In that, note that
although ∇a commutes with the Hodge dual operator ∗,
D does not commute with it. In particular, this term can
be put into a more common form by using the operator
identity,
Dia + iaD = ∇a, (113)
acting on an arbitrary p-form. For a derivation of this
crucial identity as well as other properties of the covariant
exterior derivative, the reader is referred to e.g. [27].
In order to make use of the identity (113), it is conve-
nient to write the second term in the form D∗(df ′∧θα) =
Diα ∗ df ′. Here, another identity ieα ∗ σ = ∗(σ ∧ θ
α) is
used. This identity involving Hodge dual and the con-
traction operator holds for an arbitrary p-form σ and
the basis frame fields with a superscript are defined by
eα = ηαβeβ. Consequently, one ends up with
D ∗ (df ′ ∧ θa) = ∇a ∗ df
′ − ia(d ∗ df
′), (114)
where the property that the covariant exterior derivative
acting on an arbitrary form reduces to the exterior deriva-
tive has been used. Finally, by noting that covariant
derivative of a Riemannian connection commutes with
the Hodge dual operator ∗, which explicitly be stated as
∇α∗ = ∗∇α, (115)
and that ∆f ′ ≡ ∗d ∗ df ′, the second term simplifies to
D ∗ (df ′ ∧ θα) = ∗[∇αdf
′ − (∆f ′)θα]. (116)
On the other hand, it follows from the definition of co-
variant derivative that ∇eα = e
a
α∇∂a . Consequently, it is
possible to read off the coordinate expressions from the
following expression
D ∗ (df ′ ∧ θα) = e
a
α ∗ [∇adf
′ − (∆f ′)gabdx
b], (117)
since the expression in front of the Hodge dual now
involves tensorial quantities relative to a coordinate
coframe.
Eventually, this result allows one to extract Eab = 0
from the expression Eab ∗ dx
b = 0 which simply follows
from ∗Ea = e
α
a ∗ Eα. Explicitly, by dropping the irrele-
vant Hodge dual, the resulting equations read
Eab = f
′Rab−
1
2
gabf−∇a∇bf
′+gab∇
c∇cf
′ = 0, (118)
relative to a coordinate frame. Evidently, these equations
can directly be derived from the invariant Lagrangian
density
f(R) ∗ 1 = f(R)
√
|g|dx0 ∧ dx1 ∧ · · · ∧ dxn, (119)
where ∗1 = θ012···n = |e|dx01···n =
√
|g|dx01···n is the
oriented volume element relative to a coordinate basis.
These results also allow one to write the coordinate ex-
pression for the field equations of the ST equivalent of
(118) immediately in the form
φGab −∇a∇bφ+ gab∇
c∇cφ−
1
2
gabV (φ) = 0. (120)
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These metric equations follow from the following invari-
ant Lagrangian density
LST =
(
φ gabRab − V (φ)
)√
|g|dx0∧dx1 · · ·∧dxn, (121)
where Rab are the components of the Ricci tensor relative
to a coordinate coframe.
The field equations for the f(R) model with nonmetric-
ity and torsion also have similar terms and the corre-
sponding coordinate expressions can be written in a sim-
ilar way. Most of the identities used in the above cal-
culations in deriving coordinate coframe expressions for
a given modified gravitational Lagrangian are also useful
in deriving coordinate expressions involving the Lagrange
multiplier terms as well.
Likewise, in Section IV, the field equations for the sixth
order gravity based on the Lagrangian density
dR ∧ ∗dR = gab∂aR∂bR
√
|g|dx1 ∧ · · · ∧ dxn, (122)
is considered where the coordinate expression on the
right-hand side follows from the exterior derivative dR =
∂aRdx
a and consequently the contraction of the basis
coframe 1-forms as
dxa ∧ ∗dxb = gab
√
|g|dx1 ∧ · · · ∧ dxn. (123)
It is possible to derive the coordinate expression for the
sixth order model by making use of the expression Eab
for the f(R) model since the corresponding field equa-
tions are cast in a form that is formally similar to those
of the f(R) model. It is sufficient to derive the coordi-
nate expression for the vector-valued form ∗Tαs defined
in (103), which can be rewritten in the form as
∗Tαs = (i
αdR) ∗ dR+ iα(dR ∧ ∗dR)
= eαa [2(i
adR) ∗ dR − ia(dR ∧ ∗dR)] , (124)
and therefore, by recalling that iadR = ∂aR relative to
a coordinate coframe, one can read off the coordinate
expression for the energy momentum 1-form as
T sa = 2∂aRdR− gabg
cd∂cR∂dRdx
b, (125)
and in turn, using this result, the coordinate expression
for T sab can be obtained as
T sab = 2∂aR∂bR− gabg
cd∂cR∂dR. (126)
This result then allows one to write the explicit form of
Eab = 0 for the sixth order model as
FRab −
1
2
gabF −∇a∇bF + gab∇
c∇cF
− ∂aR∂bR+
1
2
gabg
cd∂cR∂dR = 0 (127)
with F = ∆R = gab∇a∇bR replacing the function f
′ for
the f(R) model as a consequence of the identity d∆ =
∆d. For the coordinate expression for the ST equivalents
related to the sixth order model, the reader is referred to
the original work [55].
The modified-QC gravity field equations are based on
the quadratic curvature invariants of the form
L = f
(
R2, RabR
ab, RabcdR
abcd
)√
|g|dx0 ∧ · · · ∧ dxn,
(128)
and under certain assumptions about the rank of relevant
Legendre transformation, the ST equivalents for this La-
grangian have the general form
LST =
[
φ1R
2 + φ2RabR
ab + φ3RabcdR
abcd
−V (φ1, φ2, φ3)]
√
|g|dx0 ∧ · · · ∧ dxn, (129)
where the independent scalar fields φ1, φ2 and φ3 are de-
fined in (67) whereas the potential term V (φ1, φ2, φ3)
is the Legendre transform of f(R2, RabR
ab, RabcdR
abcd)
given in (69). In particular, for the simple modified QC
Lagrangians having the particular form
L =
(
aR2 + bRabR
ab + cRabcdR
abcd
)m√
|g|dx0∧· · ·∧dxn,
(130)
there is an ST equivalent with potential for the scalar of
the form of a power law
LST =
[
φ
(
aR2 + bRabR
ab + cRabcdR
abcd
)
−
(
1−m
m
)
φm/m−1
]√
|g|dx0 ∧ · · · ∧ dxn.
(131)
In general QC field equations involve the terms of the
form D ∗DLa, where 1-form La is typically linear com-
bination of Ricci 1-form and the 1-form Rdxa. Take, for
example, the Weyl-squared action in four dimensions. It
follows from the invariant Lagrangian density
Cαβ ∧ ∗Cαβ ≡ C
ab ∧ ∗Cab
=
1
2
CabcdC
cd
ab
√
|g|dx0 ∧ · · · ∧ dx3. (132)
The corresponding field equations can be expressed as
the vanishing of the Bach tensor EWab ≡ −Bab = 0. An
explicit expression for the coordinate components of Bach
tensor turns out to be
Bab = ∇
cCacb +R
cdCacbd, (133)
where Cacb are the components of the Cotton 2-form [42]
defined by Ca =
1
2Cabcdx
b ∧ dxc whereas Cabcd are com-
ponents of Weyl tensor Cab =
1
2C
a
bcddx
b ∧ dxc. More-
over, for the divergence of the Cotton 2-form, using the
identity (113) one finds
D ∗ Ca =
1
2
DCabc ∧ ∗(dx
b ∧ dxc)
=
1
2
∇dC
a
bcdx
d ∧ ∗(dxb ∧ dxc). (134)
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On the other hand, the contraction on the right-hand
side leads to the following Hodge dual of basis 1-forms
dxd ∧ ∗(dxb ∧ dxc) = −gbd ∗ dxc + gcd ∗ dxb. (135)
Using this result, it is easy to find
D ∗ Ca = −∇
bCabc ∗ dx
c. (136)
The Cotton 2-form itself can be expressed in terms of
the covariant derivatives of curvature components. It
is derived from Schouten tensor Ca = DLa where the
Schouten tensor Lab can be defined in terms of La ≡
Labdx
b as Lab = Rab −
1
6gabR (the definitions in the
literature vary up to an overall constant). By taking
the antisymmetrization induced by the covariant exterior
derivative into the account, the coordinate components
of the Cotton 2-form for example take the form
Cabc = ∇aRbc −∇bRac −
1
6
(∇aRgbc −∇bRgac). (137)
Evidently, these formulas also help to relate orthonor-
mal components of QC gravity to the corresponding ones
relative to a coordinate basis. For a more detailed ac-
count for coordinate components of a given expression
relative to an orthonormal coframe, the reader is referred
to, for example, [42].
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